The locations of multicritical points on many hierarchical lattices are numerically investigated by the renormalization group analysis. The results are compared with an analytical conjecture derived by using the duality, the gauge symmetry and the replica method. We find that the conjecture does not give the exact answer but leads to locations slightly away from the numerically reliable data. We propose an improved conjecture to give more precise predictions of the multicritical points than the conventional one. This improvement is inspired by a new point of view coming from renormalization group and succeeds in deriving very consistent answers with many numerical data.
I. INTRODUCTION
The problem of spin glass, which is one of the most challenging subjects in statistical physics, has been analyzed extensively by the mean field theory but has not been sufficiently understood for finite dimensional systems. [1, 2, 3] Most approaches to the difficult problem of finite dimensional spin glasses rely on approximate techniques, numerical simulations and phenomenological theories. [3] A lot of important facts have been established by such approaches to finite dimensional spin glasses. Nevertheless, it is very important to derive exact or rigorous results to check validity of approximate approaches. A useful method along this line is the gauge theory, which enables us to find a special subspace of a phase diagram for spin glass models known as the Nishimori line. [4, 5] In this subspace, we can calculate the exact value of the internal energy and evaluate the upper bound of the specific heat. It is shown rigorously that the Nishimori line runs through the ferromagnetic phase and the paramagnetic phase. Moreover it is expected that the multicritical point, where the phase boundaries between the spin glass phase, paramagnetic phase, and ferromagnetic phase merge, is located on the Nishimori line. [6] One of the recent developments using the gauge theory is a conjecture of the exact location of the multicritical point for spin glasses, especially in two dimensions. [7, 8] The prediction is very close to numerical results, [9] and is considered to be very useful in the analysis of numerical data for critical exponents.
The essential part to derive the conjecture consists of duality and the replica method as explained below. Duality is a useful tool to obtain the exact location of the transition point for spin systems without disorder. Because the spin glass models have quenched disorder, we cannot directly apply the duality to spin glass models. Nevertheless, by the replica method, the problem reduces to non-random systems to which we can apply duality. We then assume that a single relation gives the multicritical point similarly to the case of the duality relation on the transition point for the pure Ising model in two dimensions. This is one of the hypotheses on the conjecture. In addition we expect that the above-mentioned relation for the multicritical point is satisfied even when the replica number goes to zero to analyze systems with quenched randomness.
The validity of assumptions to derive the conjectures as mentioned above has not been established rigorously. Nevertheless the conjecture has given predictions very close to many independent numerical results. [7, 8, 9, 10, 11] However, Hinczewski and Berker found several examples by the exact renormalization analysis in which, especially for the hierarchical lattices, the conjecture did not give good predictions. [12] It is expected generally that the renormalization group analysis on hierarchical lattices gives exact results. Therefore such discrepancies found by the renormalization group analysis on hierarchical lattice should be taken seriously for the conjecture even though the amount of discrepancies is small. If these discrepancies are genuine, we have to consider the reason why there are cases for which the conjecture does not work well. Conversely, we would like to know why the conjecture always gives accurate results if not exact. It is also desirable to improve the conjecture to predict more precise location of the multicritical point.
These observations have given us motivations to investigate many more hierarchical lattices to check if the locations of the multicritical points are away from predictions by the conjecture. We employ the technique by Nobre [13] to examine the phase transitions and to estimate the locations of the multicritical points on several hierarchical lattices. Then, we discuss reasons why there are such discrepancies for the cases of hierarchical lattices and propose a method to improve the conjecture to derive more precise locations of multicritical points.
The presented paper is organized as follows. In Sec. II, we review previous results for the location of the multicritical point, and show some examples of the discrepancies between the conjecture and the numerical results. We explain the properties of hierarchical lattices in Sec. III. In Sec. IV, we explain Nobre's method to examine the phase transition and then estimate the values of the locations of the multicritical points for several cases. We find some discrepancies between the conjecture and the numerically estimated results here. Therefore we have to consider the reason why there are some cases that the conjecture does not work well. The conjecture relies on the replica method, and we assume that the analytical continuation of the replica number to zero does not cause troubles as in most cases studied so far. Therefore we investigate the replicated systems for the ±J Ising model in Sec. V. Then we consider improvement of the conjecture in Sec. VI and show successful results to predict more precise locations of the multicritical points in Sec. VII. In Sec. VIII, discussions and future outlook are given.
II. MODEL AND CONJECTURE
We study the random-bond Ising model, defined by the Hamiltonian,
where σ i is the Ising spin taking values ±1, and J ij denotes the quenched random coupling. In this paper, we consider two types of distribution functions for J ij , the ±J model and the Gaussian model. For this random-bond Ising model on two-dimensional lattices, a method to predict the precise location of multicritical point has been proposed. [7, 8, 9, 10, 11] This method relies on the duality and the replica method applied to spin glass models with gauge symmetry. It has been considered to be a conjecture for the exact location of the multicritical point for systems satisfying certain conditions like self duality. According to this conjecture, the exact location of the multicritical point for the ±J Ising model on the square lattice is determined by a single equation as follows,
where p is the probability of J ij = J > 0 for the ±J Ising model. The left-hand side of this equation is the binary entropy and will be written as H(p). We obtain the value p c = 0.889972 (≈ 0.8900), solving this equation. This result is in reasonable agreement with existing numerical results as shown in Table I . It is also possible to obtain the location of the multicritical point for the Gaussian model with the average J 0 and the variance J 2 from the following equation, [7, 8] 
where P (J ij ) is the Gaussian distribution function, and β satisfies the condition of the Nishimori line β = J 0 /J 2 . We will write the left-hand side of this equation as
. The solution of Eq. (3) for the Gaussian model is J 0 /J 2 = 1.021770, which is also compared with the existing numerical result in Table I . It is not easy to determine from these data whether the conjecture actually gives the exact result.
Equation (2) applies also to models defined on other self-dual lattices. The phase diagram of a self-dual hierarchical lattice has been numerically investigated by Nobre. [13] According to his result, the multicritical point is located near the conjectured value, p c = 0.8902 (4) .
In addition, the conjecture also works on mutually dual pairs of lattices. [10] In this case, we obtain the relationship between the locations p 1 and p 2 of the multicritical points for the mutually dual pairs as follows
This relation is supported by a consistent result within its numerical error bar for the ±J Ising model on the triangular and hexagonal lattices as H(p 1 ) + H(p 2 ) = 1.002(3), [14] where p 1 and p 2 denote the location of the multicritical point on the triangular p 1 = 0.835806 and the hexagonal p 2 = 0.932704 lattices, respectively. [11] However there are cases in which the relation (4) and the numerical results for three mutually dual pairs of hierarchical lattices show derivations by large amounts close to 2%, H(p 1 ) + H(p 2 ) = 1.0172, 0.9829, 0.9911. [12] The technique by Hinczewski and Berker in Ref. [12] is based on an exact calculation through the renormalization group analysis on hierarchical lattices.
These results motivated us to study other hierarchical lattices to see if the conjecture gives exact solutions. If it does not, the next question is why the prediction of the conjecture falls very close to numerical estimates in all cases. To verify these points, we evaluated the relation (4) and its Gaussian version for other five mutually dual pairs of hierarchical lattices. In addition, we also reexamined Eq. (2) for the ±J Ising model and Eq. (3) for the Gaussian model on several self-dual hierarchical lattices including the case investigated by Nobre.
III. HIERARCHICAL LATTICE
In this section, we introduce the hierarchical lattice and renormalization group on it. [20, 21, 22] The renormalization group analysis on the hierarchical lattice is an exact technique to obtain the location of the transition point, though it is difficult to obtain such an exact solution on regular lattices.
In the present paper, we investigate phase transitions for three mutually dual pairs of hierarchical lattices shown in Fig. 1 studied by Hinczewski and Berker [12] and additional five pairs shown in Fig. 2 . We also examine phase transitions in several self-dual hierarchical lattices in Fig. 3 . The scale factor b denotes the length of the unit of the hierarchical lattice. We examine phase transitions and estimate the location of the multicritical point, for b = 2, 3, 4, 5, and 6 on the self-dual hierarchical lattices.
The renormalization group on these hierarchical lattices consists of two basic steps, which are known as the bond moving and decimation as in Fig. 4 . The black bold bond denotes the renormalized bond after bond moving, and the white bold bond expresses the renormalized bond after decimation. Construction of a hierarchical lattice starts from a single bond, and we iterate the process to substitute the single bond with a unit cell of more complex structure as in Fig. 5 .
Because a hierarchical lattice has an iterative structure consisting of unit cells as shown in Figs. 1, 2 and 3, we again obtain the same structure after we trace out degrees of freedom on each unit cell in renormalization group calculations, which are the inverse processes of the construction. Therefore our task is to evaluate recursion relations of couplings on bonds, which relate sets of the couplings {K 
(r) 03
Here x (r) 0 , which we call the principal Boltzmann factor, expresses the local (bond) Boltzmann factor for parallel spins on the ends of renormalized bonds. The recursion relations (5) and (6) yield the renormalized principal Boltzmann factor and that for antiparallel spins on the ends of renormalized bonds, respectively. The summation in the exponent is over all interactions in the unit cell. The indices of couplings express bonds as labeled in Fig. 5 .
The partition function Z s for a hierarchical lattice after s-step construction is generally evaluated as
where
B represents the number of bonds at the sth step of construction and z s−r is the partition function after r-step renormalization, which is normalized by
Z s . Because of this normalization, the value of z s−r is simply 2
Ns−r in the high-temperature limit and becomes 2 in the lowtemperature limit. [9] Here N s−r denotes the number of sites after r steps of renormalization for s steps of construction. In addition, one notices that the number of the construction step s decreases effectively at each step of renormalization. We obtain the free energy per site as,
Therefore the free energy per site of a model on a hierarchical lattice is generally written as, in the thermodynamic limit s → ∞,
The last term in this equation can be calculated for the periodic and free boundary conditions by the fact that
Three mutually dual pairs of hierarchical lattices investigated in Ref. [12] . The numbers 1, 2, and 3 denote these three mutually dual pairs of hierarchical lattices studied in the presented paper. the hierarchical lattice becomes a single bond after sufficient steps of the renormalization as This is negligible due to N ∞ → ∞ for the case of the periodic boundary condition. This choice of the boundary condition does not affect the results. Therefore only the first term log x
in Eq. (9) is significant. This quantity is a function of of renormalized couplings {K (∞) ij }, which in general obeys a non-trivial distribution in quenched random systems. In the next section, we observe the flow of the renormalized couplings {K (∞) ij } using a stochastic technique by Nobre [13] to investigate phase transitions on the hierarchical lattices, and estimate the location of the multicritical point for the ±J Ising model and the Gaussian model.
IV. QUENCHED SYSTEMS
In Nobre's implementation of renormalization group for disordered systems on hierarchical lattices, [13] we first produce a sample pool of interactions, following the initial distribution. For example, our analysis starts from preparation of a pool following the ±J or Gaussian distribution. Then we randomly choose bonds from this sampling pool and form a unit cell of the hierarchical lattice under consideration. In this unit cell, we carry out the renormalization calculation using adequate equations such as Eqs. (5) and (6) and obtain renormalized interactions. Iterating this procedure for the other bonds, we obtain another pool consisting of the renormalized interactions, which follows a new type of distribution function of the renormalized interactions. Using this renormalized distribution, we reproduce a pool of the renormalized interactions, and iterate the above procedures while observing the moments of interactions K ij and K 2 ij at every step where · · · means the configurational average over the renormalized distribution. If K ij goes to infinity, it is considered that the renormalization flow of the sampling pool is attracted toward the ferromagnetic fixed point in the interaction space. On the other hand, when K ij goes to zero, two possible scenarios are considered. To distinguish two different scenarios, we have to observe K 2 ij . If this moment goes to infinity, it is a signal that the sampling pool is attracted toward the spin glass fixed point. Otherwise, we find a signal that K 2 ij falls zero, then the sampling pool goes to the paramagnetic fixed point. An additional scenario is seen in the present study, which has not been investigated by Nobre's method yet. As shown in Fig. 2 , the hierarchical lattices of type 5, 6 and 8 include a part of interactions following the initial distribution function in the unit cell (see the dashed lines). These interactions induce the possibility of a fixed line like the Kosterlitz-Thouless (KT) phase that the sampling pool goes toward neither K ij → ∞ nor K ij → 0. [23] This fixed line can be detected by |K
We introduced 2, 000, 000 bonds as the set of a sampling pool, and prepared 1, 000 sampling pools in the present study, except for the lattice number 5 (a) and (b) in Fig. 2 , whose sampling pool has 1, 800, 000 bonds. We observed the resulting phases after 30 steps of renormalization iterations. For the hierarchical lattices with the possibility of a KT transition, we carry out the renormalization of 50 more steps than the other hierarchical lattices. Because the investigations are carried out for the hierarchical lattices of finite size and with finite number of bonds in the sampling pool, we cannot find clear boundary expressing the phase transition. In fact, for a given lattice, some sampling pools go to the ferromagnetic fixed point (or KT phase) and others are attracted toward the paramagnetic fixed point (or KT phase). We obtained the probabilities of appearance of each phase as a result by this method. For example, the results for the ±J Ising model and Gaussian model on Nobre's self-dual hierarchical lattice depicted in Fig. 3 are shown in Fig. 6 . For the other hierarchical lattices, we obtain similar results to these plots. We explain the obtained plot in Fig.  7 below, which concerns the error bars for these investi- gations. In the thermodynamic limit, all the plots as in Fig. 6 become step functions. However, we investigated the finite-size hierarchical lattices. The slopes of all the plots are finite. We have checked these finite-size effects as shown in Fig. 7 . From these analyses, the final error bars have been chosen to be p The results for the ±J model are given in Tables II  and III , and those for the Gaussian model are in Table  IV . We show the values of the binary entropy H(p) for comparison with the conjecture. For the Gaussian Ising model, we also give the values of H G (J 0 /J 2 ) for the selfdual hierarchical lattices. Similarly to the case of the ±J Ising model, it can be shown that the summation of both of values of H G (J 0 /J 2 (A)) and H G (J 0 /J 2 (B)) should be unity for the mutually dual pairs. We show such values for comparison in Table IV . We express here pairs of the locations of the multicritical points as J 0 /J 2 (A) and J 0 /J 2 (B). Seeing these results, we confirm slight but non-negligible deviations from unity for both cases of the ±J and the Gaussian models. We find the general tendency that the difference from unity for the Gaussian Ising model is smaller than in the ±J Ising model. 
V. REPLICATED SYSTEMS
There are slight differences between the results by the conjecture and the numerical data by the renormalization group analysis for the multicritical points of quenched systems as shown in the previous section. We examine the conjecture for replicated systems on the self-dual hierarchical lattices in this section. Because the conjecture is based on the duality and the replica method, [7, 8, 9, 10, 11] it is expected that we find such discrepancies also for replicated systems with the replica number n of natural numbers as in the quenched system (n → 0). If the partition function is a single-variable function, we can obtain the transition point as the fixed point of the duality. Then equation x 0 (K) = x * 0 (K) gives the exact transition point, where x 0 (K) and x * 0 (K) are the original and dual principal Boltzmann factors. [7, 8, 9, 10, 11] We illustrate this point by the pure Ising model as
By equating x 0 (K) and x * 0 (K), we find the transition point e −2Kc = √ 2 − 1 for the pure Ising model on the self-dual square lattice. We assume that the equation x 0 (K) = x * 0 (K) is also satisfied at the multicritical point for the replicated systems as well as for the quenched system (n → 0), though the replicated systems have complicated interactions. [7, 8, 9, 10, 11] Let us set K = K p , which is the condition of the Nishimori line, for the replicated ±J Ising model. The quantity K p is defined as e −2Kp = (1 − p)/p. Both of the principal Boltzmann factors are then given as, [7, 8] x 0 (K) = 2 cosh{(n + 1)K} (13)
Equation x 0 (K) = x * 0 (K) gives the conjecture (2) in the limit n → 0. Validity of this conjecture can be rigorously shown for n = 1 and 2, and for n = 3, the same has been numerically confirmed for the square lattice. [8] It is worthwhile to examine whether x 0 (K) = x * 0 (K) is satisfied or not at the multicritical point for the replicated ±J Ising model on the self-dual hierarchical lattices. Because the replicated ±J Ising model does not have any randomness for couplings, which has been taken into consideration by the configurational average, we can derive directly the multicritical points, by evaluating recursion relations such as in Eqs. (5) and (6) .
We obtained the locations of the multicritical points on the several self-dual hierarchical lattices from b = 2 to b = 6 with the replica number n = 1, 2, 3, and 4. The results are shown and compared with the predictions by the conjecture x 0 (K) = x * 0 (K) in Table V . The results obtained in the previous section for the quenched system (n → 0) are also shown for comparison. Equation x 0 (K) = x * 0 (K) gives the exact answer for n = 1 and 2. For n = 3 and 4, the multicritical point locates slightly away from the results of the conjecture. Therefore the assumption of the validity for the conjecture is violated for the self-dual hierarchical lattices. Considering b → ∞, we find that the conjecture does not always work well on this self-dual hierarchical lattice, since the system becomes an effectively one-dimensional chain without finite-temperature transition in the limit b → ∞ although the conjecture gives the results independent of b. 
VI. IMPROVEMENT OF THE CONJECTURE
In this section we propose an improvement of the conjecture, which reduces discrepancies observed in Table V . We here consider the partition function for the replicated ±J Ising model and its dual one and discuss their relationship following Ref. [9] . The partition function for the replicated ±J Ising model on the Nishimori line is a multi-variable function of the Boltzmann factors as
where the u r are the relative Boltzmann factors defined as
Here r denotes the number of antiparallel pairs among the n pairs. The duality gives the following relationship between the original and dual partition functions, [9] where the u * r are the dual relative Boltzmann factors defined as Figure 8 shows the relationship between the curves (u 1 (K), u 2 (K)), · · · , u n (K)) (the thin curve going through p c ) and (u *
. For convenience, we show the projections on the two-dimensional plane (u 1 , u 2 ). For T → 0 (K → ∞), u r (K) → 0 for any r, corresponding to the point F in Fig. 8 . As T changes from 0 to ∞, the point representing (u 1 (K), u 2 (K)), · · · , u n (K)) moves toward the point P along the thin line in Fig. 8 . Then the corresponding dual point (u * 1 (K), u * 2 (K)), · · · , u * n (K)) moves along the dashed line in the opposite direction from P to F.
If we were to consider a model with a single-variable partition function, the thin curve would overlap the dashed line, which fact would be reflected in the relation u * r (K) = u r (K * ). Solving this relation, we obtain the duality relation for the coupling constant K * (K). For example, the pure Ising model has the reduced Boltzmann factors as u 1 (K) = e −2K and u * 1 (K) = tanh K. We obtain the duality relation e
. However the replicated ±J Ising model is given by the multi-variable partition function of (u 1 (K), u 2 (K)), · · · , u n (K)). The thin curve (u 1 (K), u 2 (K)), · · · , u n (K)) does not coincide with the dashed curve (u * 1 (K), u * 2 (K)), · · · , u * n (K)). Therefore we cannot identify the critical point with the fixed point of duality.
A new point of view from renormalization group helps us proceed further. Let us notice two facts concerning renormalization group transformation. (i) The critical point is attracted toward the unstable fixed pint. (ii) The partition function does not change its functional form by renormalization for hierarchical lattice; only the values of arguments change. Therefore the renormalized system also has a representative point in the same space (u 1 (K), u 2 (K)), · · · , u n (K)) as in Fig. 8 , with the renormalization flow following the arrows emanating from p c and d c to C, p h and d l to P, and p l and d h to F. We express such a development of relative Boltzmann factors at each renormalization step on the n-dimensional hyperspace as (u Considering the above property of the renormalization flow as well as the duality, we find that the duality relates two trajectories of the renormalization flow from p c and from d c , tracing the renormalization flows at each renormalization. In other words, after a sufficient number of renormalization steps, the thin curve representing the original system and the dashed curve for the dual system both approach the common renormalized system depicted as the bold line in Fig. 8 , which goes through the fixed point C.
It is expected that the partition function therefore becomes a single-variable function described by the bold curve. This fact enables us to find the duality relation and identify the multicritical point by the following equation,
similarly to x 0 (K) = x * 0 (K) for the pure Ising model. We therefore have to evaluate Eq. (19) , not the relation x 0 (K) = x * 0 (K) for the unrenormalized, bare quantities, to obtain the precise location of the multicritical point on the hierarchical lattices. Equation (19) is expected to predict the exact location of the multicritical point for the hierarchical lattice.
It should be noticed that the relation x 0 (K) = x * 0 (K) predicts values very close to numerical estimates in many cases of regular lattices as indicated in Table I . This means that the effects of renormalization are not large for those systems. If we regard the relation x 0 (K) = x * 0 (K) as the zeroth approximation for the location of the multicritical point, it is expected that the relation x (1) (K) is the first approximation and leads to more precise results than the relation x 0 (K) = x * 0 (K) does. We therefore propose the first-approximation equation x
(1) as the improved conjecture. We evaluate the performance of this approximation in the next section for hierarchical lattices.
VII. RESULTS BY THE IMPROVED CONJECTURE
In this section, we report the results by the improved conjecture x
(1) (K) and evaluate its performance compared with the conventional conjecture.
The relation x 0 (K) = x * 0 (K) of the conventional conjecture yields an equation that the binary entropy H(p) equals to 1/2 for self-dual hierarchical lattices as in Eq. (2) . Similarly to this relation, the improved conjecture x
(1) (K) gives an equation in terms of the binary entropy given by the values of the renormalized couplings as described below. After one-step renormalization, we obtain again the replicated Ising model on the hierarchical lattice with the renormalized couplings {K (1) ij } and their distribution function P (1) (K ij ). Here the renormalized quantities are determined by the initial condition. The original and dual principal Boltzmann factors for the replicated Ising model after one-step renormalization are given as
where the distribution function is given by, with the couplings {K
(1) ij } obtained by such Eqs. (5) and (6),
The product runs over the bonds on the unit cluster of the hierarchical lattice. Using these principal Boltzmann factors, we take the leading term of the replica number n → 0 of the equation
(1) (K) and obtain the improved conjecture for the quenched system as dT dp T =Tc = 3.30712.
This value is closer to 3.23 (3) . Also the phase boundary below the Nishimori line is modified as moving toward the p-axis as in Fig. 9 . Thus the improved conjecture works better than the conventional conjecture for describing the phase boundary. The improved conjecture also succeeds in leading to the relation between the multicritical points on the mutually dual pairs. It is straightforward to apply the improved conjecture to the mutually dual pairs, similarly to the case of the conventional conjecture [10] as, Table. improved conjecture agrees with the numerical estimates for the mutually dual pairs, for the lattices of type 1, 3, 6, 7, and 8 hierarchical lattices in Figs. 1 and 2 . Unfortunately, we find three cases for the lattices of type 2, 4, and 5 in which the value of the left-hand side of the relation (26) is not unity within the error bars. However we find impressive improvements in Table. VII compared with the previous results in Table. III.
VIII. DISCUSSIONS
In the present paper, we first showed the existence of slight differences between the conventional conjecture and the numerical results for the locations of the multicritical points on several hierarchical lattices. These discrepancies for the quenched system are caused by violation of satisfaction of the equation x 0 (K) = x * 0 (K) for the replicated systems. This equation x 0 (K) = x * 0 (K) is satisfied for the case that the partition function is written by a single variable as in the pure Ising model. We expect that the partition function can be written as a singlevariable function after a sufficient number of renormalization steps, considering the fact that the plot describing the original model overlaps that of the dual model as in Fig. 8 . Based on this consideration, we proposed the improved conjecture as the first approximation of the exact relation to determine the critical point. Through the derivation of the improved conjecture, one finds that the multicritical point on the self-dual lattice is given as a special point where the binary entropy given by the renormalized values on the unit of the hierarchical lattice becomes one half. If we need the very precise location of the multicritical point, we may use the numerical methods for the renormalization group analysis to evaluate Eq. (19) .
The present study also gives a basis for the improvement of the conjecture on regular lattices. The improved conjecture for the hierarchical lattice reflects individual characteristics of each hierarchical lattice, because it includes the renormalized couplings and corresponding distribution function, which depend on the structure of the hierarchical lattice under consideration. Similarly to the case of such hierarchical lattices, if we adequately carry out the renormalization for regular lattices, it should be possible to improve the conjecture also for regular lattices. Work in this direction is in progress. 
